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Let t.~ be a bounded Radon measure over R, (the set of nonnegative real 
numbers). Let L, be the set of integrable functions on R, and let M be the 
set of bounded Radon measures on R, . We investigate the solvability in L, 
and in M of the following equation 
x-p*x=y, (1) 
where y is a given element of M (possibly of L,) and p * x is the convolution 
over R, to be defined later. The equation was studied in L, , p > 1, by 
Edwards [I]. Edwards’ method relies on the reflexivity of L, for p > 1. Our 
approach depends on Ascoli’s theorem for analytic functions and on 
Bernstein’s theorem characterizing the Laplace transforms of Radon 
measures. 
The Preliminaries in Section 1 give the necessary definitions and a fixed 
point theorem to be used later. In Section 2 we establish a lemma. Section 3 
contains the main results. 
1. THE PRELIMINARIES 
Let p be an element of M, i.e., a bounded Radon measure on R, . Let x be 
an element of L, . We define 
(P * 4 (4 = j: x(t - 4 C(s)- (2) 
If x is an element of M, we pose 
(P * 4 (E) = j,” j,” 9J& + t) 444 W) (3) 
where E is a Bore1 subset of R, and q~* is the characteristic function of E. 
It can be verified that if x is absolutely continuous (in which case we write x 
for its Radon-Nikodym derivative also), then the Radon-Nikodym derivative 
of p * x is given by (2). 
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Let x be an element of L, and let I_L be an element of M. Then 
i(5) = jm exp(- ct) x(2) dt (4) 
0 
P&3 = jyexp(- 0) 4(t) (5) 
are the Laplace transform (henceforth called the L-transform) and the 
Laplace-Stieltjes transform (henceforth called the L-S transform) of x and p, 
respectively. The functions in (4) and (5) are defined on the right half-plane, 
and in fact are analytic on the open right half-plane. Taking the transforms 
of both sides of Eq. (1) gives 
(1 - P(5)) i(t;) = P(r;). (1’) 
A function f on R, to R,. is said to be completely monotonic if f is infinitely 
differentiable on R, - (0) and satisfies 
(- 1)“f (@) > 0 n = 0, 1, 2 ,... . 
Let f be a bounded function on R, to R, . Then, by a theorem of 
Bernstein [2],.l,fis completely monotonic iff f is the L-S transform of a positive 
bounded Radon measure on R, . 
We shall need the following theorem 
THEOREM A ([3]). Let F be a subset of a topological vector space E. Let P 
be a family of continuous seminorms on E. Let T be a self-map of F such that 
(i) p( TX - Ty) < p(x - y) for all p in P. 
(ii) for each x f y, there exists a p in P such that 
PU”X - TY> < P(X -Y). 
Suppose there exists a point x0 in F such that the sequence of iterates T”x, has a 
cluster value u in F. Then u is the uniquejxedpoint of T. 
2. A LEMMA 
In the sequel, B will denote the set of L-S transforms of elements of M, 
B will be endowed with the sup-norm. 
LEMMA 1. Let K be a bounded subset of B in the norm topology. Then there 
exists a sequence ($) of elements of K and an element 2 of B such that (&) 
converges uniformly on compact subsets to 2. 
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PROOF. By Ascoli’s theorem for analytic functions, there exists a sequence 
(in) of elements of the bounded set K of B, and an analytic function 2 such 
such that (Q converges uniformly on compact subsets of the right half- 
plane to 4. We wish to show that 2 is an element of B. In fact let x, be the 
element of M the L-S transform of which is &, , n = 1,2,... . Now x, is the 
sum of four bounded Radon measures, each of which is a scalar multiple of a 
positive bounded Radon measure. We may therefore assume each x, to be 
positive, and, correspondingly the restriction of each &, to R, to be completely 
monotonic. Since for each i = 1, 2 ,..., the sequence of the ith-derivatives 
($)) also converges uniformly on compact subsets to F), it follows that 4 
is completely monotonic. Hence the result follows by Bernstein’s theorem, 
and the lemma is proved. 
COROLLARY. B is complete in the norm topology. 
PROOF. Let (2,) be a Cauchy sequence in B. By appealing to Lemma 1, 
it is seen that ($J converges uniformly on compact subsets to an element 4 
of B. By a straightforward argument, one shows that the convergence is in 
fact uniform. Thus the result follows. 
3. THE MAIN RESULTS 
The four theorems to follow give conditions for the solvability of Eq. (1) 
in M and in L, . 
THEOREM 1. Equation (1) is solwable in L, for each y in L, ifl 1 - p(C) 
is bounded away from zero on R, , i.e., there exists an a > 0 such that 
I 1 --P(5) I > a on R+. (6) 
PROOF. (i) Condition (6) is necessary. 
Suppose for each y in L, there exists a solution x, of (1) in L, . Then taking 
the transforms of both sides of (1) gives 
(1 - P(5)> %a) = 9(0 (7) 
Then (1 - 9) has no zero on R, . Indeed, for each 5 in R, there exists a y in 
L, such that p(t) f 0. We next show that there exists no sequence (5,) of 
positive numbers such that 1 -a(m) -+ 0. Suppose on the contrary that 
there exists such a sequence. Then the sequence (1 - $([,))-’ is unbounded. 
Now 
&(5) = O(F) for c-+00 on R +* 
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Hence by (7), we should have 
(1 - j2(())-‘f([) = 0(5-l) for 5 -+ co on R, (8) 
for each y in L, . Taking 
r(t) = (1 + t2F1, 
we have by an appropriate change of variables in the integral 
(1 - P(iW’9(~) = (( 1 - iWJ)-’ 1: exp( - r) y ($ dt) 5-l 
- al . 
5 (9) 
Fi 1,” exp( - t) y ($ dt = j,” exp( - t) dt 
by the bounded convergence theorem. Hence b(t) is unbounded for 5 -+ co 
on%, which is a contradiction, by (8) and (9). Thus the necessity of condi- 
tion (6) is proved. 
(ii) Condition (6) is su#Cent. 
Indeed let 1 - p(S) b e b ounded away from zero. We wish to show that 
(1 - p)-l is an element of B, i.e., is the L-S transform of a bounded Radon 
measure on R, . It is sufficient to consider the case of p(t) real on R, , for in 
the general case, we have 
1 - p(5) = iq5) + Gm, (10) 
where 3, and 6, are elements of B which are real on R+ . Then 
(1 -jq%))-1 =;$;;;$C)). 
1 
(11) 
Now Cl2 + OS2 is an element of B which is nonnegative and bounded away 
from zero on R, . Thus we shall assume 1 -p(C) to be nonnegative and 
bounded away from zero on R, . Therefore there exists an T > 0 such that 
for two positive numbers c, d, the following holds 
O<d<r(l--p)<c<l on R,. 
Let 
k?(5) = ru - Po3. 
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(1 - P(W = 1 _ (I’_ g(()) 
= r f (1 - g(<))‘L. 
0 
(12) 
The series in the right-hand side is uniformly convergent on R, . Now ifs is 
an element of R, , then 
I 1 -g(5) I d 1 -g(s) for Re 5 = s. (13) 
Hence by the Corollary of Lemma 1, the series CF (1 - g)” converges to an 
element of B. Thus we have proved that 
;=(I -$)-1 is in B. (14) 
Let 
qz) = (1 - p(o)-‘j(t). (15) 
Then 4 is the L-transform of the element x of L, 
(16) 
where v is the Radon measure the L-S transform of which is P. Since by (15) 
(1 - p(o) @I) = X), 
it follows that x is a solution of (1). This completes the proof of the theorem. 
REMARK 1. Under the condition (6) of Theorem 1, the solution is 
clearly unique. 
REMARK 2. In part (ii) of the proof, we have really showed that if con- 
dition (6) is satisfied, there exists a bounded Radon measure the convolution 
of which with y is the solution of (1). 
COROLLARY. Let 1 - F(c) # 0 on R, and let ~((0)) = 0. Then Eq. (1) 
has a solution in L, . 
PROOF. Since ~((0)) = 0, we have 
lim p(c) = 0 as 5--+a on R +’ (17) 
Since 1 - @ does not vanish on R, , we must have by a continuity argument 
that 1 - fi(<) is bounded away from zero. This proves the proposition. 
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THEOREM 2. Let p be a given element of M. Then Eq. (1) is solvable in M 
for each y in M z$f 1 - j.?([) is bounded away from zero on R, . 
The proof proceeds on similar lines as for Theorem 1. Here to prove the 
necessity of the condition in the theorem, one uses the fact that iff is a com- 
plex function on the right half-plane such that fj is in B for each? in B, then 
f is in B (this is true since for y = co , the point mass at 0, then f = fZ,, belongs 
to B). Furthermore, the same proof as for Theorem (1) shows that if the 
condition of the theorem is satisfied, then the solution of Eq. (1) in M is the 
convolution of y with a bounded Radon measure on R, . 
THEOREM 3. Let p and y be elements of M. Suppose that 
/ g(c) 1 < 1 for a 1[ in the right half-plane. (18) 
Then Equation (1) has a solution in M iff there exists an x0 in M such that the 
sequence 
contains a norm-bounded subsequence in M (here pn = p * pa-l). If the solution 
exists it is unique. 
PROOF. The proof is based on Theorem A of Section 1. By condition (18) 
of the theorem and by the continuity of 3, there exists an open subset D of 
the right half-plane such that 
I ix) I < 1 for [ in D. 
Let the vector space M be given the topology defined by the following family 
P of seminorms 
x-+pr(x)=14(5)/ 5 in D. 
The P-topology is separate. In fact, if x is a nonzero element of M, then 4 
is a nonzero analytic function in the right half-plane and hence cannot 
vanish at every point of the open set D. Define 
Tx=p*x+y for x in M. 
Then T is a self-map of M. Furthermore 
By the condition of the theorem, (T”x,,) contains a bounded subsequence. 
Hence by Lemma 1, (T”x,) contains a subsequence (T”*xJ the L-S transforms 
of which converge uniformly on compact subsets of the right half-plane to 
an element P of B (6 is the L-S transform of the element Y of M); a fwtiori, 
(T’Qx,) converges in the P-topology to the element v of M. In other words, 
(T”x,) has a cluster value in M in the P-topology. 
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Furthermore 
P,(Tx - TY) = I P(5) (W - %3 I G I G) - 35) I = Pdx -Y> for 
5 in D, 
and 
P,(TX - TY) < P& - Y) if Pdx -Y> f 0. 
An application of Theorem A shows that T has a unique fixed point, i.e., 
Eq. (1) has a unique solution. Q.E.D. 
THEOREM 4. Let p be an element of M and let y be an element of L, . Suppose 
j ,G(t;) 1 < 1 for a point 5 in the right hag-plane. (18) 
If (xi pk) contains a(norm)-bounded subsequence, then the Eq. (1) has a unique 
solution in L, . 
PROOF. Here we shall also apply Theorem A for the proof. By condition 
(18), there exists an open subset D of the right half-plane such that 
I P(r;> I < 1 for 5 in D. 
Let the set LI be endowed with the topology defined by the following family 
P of seminorms 
x -+ PM = I a) I for 5 in D. 
Then one sees as in the proof of Theorem 3 that the P-topology is separate. 
By the condition of the theorem, there exists a subsequence Cni pLk of C;t pk 
such that C? pk converges uniformly on compact subsets of the right half- 
plane to an element of B. Hence (C2fik$) converges uniformly on compact 
subsets to the L-transform 2 of an element z of L, . If we define 
Tx=p.*x+y for x in L,, 
then what precedes shows that the sequence (T”y) contains a subsequence 
the L-transforms of which converge to 2 uniformly on compact subsets; 
this implies that z is a cluster value of ( Tny) in the P-topology. Furthermore 
POX - TY> G PC@ -Y) for 5 in D 
and 
P,P - TY) -=c PC@ -Y) if PC@ - Y> f 0. 
Hence by Theorem A, T has a unique fixed point and the theorem is proved. 
A CONVOLUTION EQUATION ON THE HALF-LINE 493 
REFERENCES 
1. R. E. EDWARDS. A fixed point theorem with applications to convolutions equations. 
J. Austral. Math. Sot. 3 (1963), 385-395. 
2. D. V. WIDDER. “The Laplace Transform.” Princeton Univ. Press, Princeton, 
New Jersey, 1946 
3. D. D. ANG AND D. E. DAYKIN. Some fixed point theorems and convolution 
equations. Proc. Am. Math. Sot. (to appear). 
409/24/3-3 
